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ON THE JACOBIAN ELLIPTIC FUNCTIONS. 
By Pror. Irvine Srrincuam, Berkeley, Cal. 
1. A GENERALIZED Tyre or Cycuic Funxcrions. 
In a work on Algebra* recently published, I have defined a generalized 
type of sine and cosine in which a complex base takes the place of +, or nat- 
i ural base. I define them with reference to a modulus, an apparition that sub- 
sequently reappears as the modulus of a modified form of the Jacobian elliptic 
J functions, which these geueralized cyclic functions serve to define. 
| With respect to the modulus z, itself defined by the identity 
x zx (cos sin ,3) , 
the definitions of sine and cosine are 
9 
in which is in general complex. The functions tan,i7, cot,r, 
are defined, in the usual way, in terms of and cosy. These are mod 
cyclic, or more briefly, modo-cyclic functions. 
} The analytical theory of these functions is quite as simple as that of either 
the circular, or the hyperbolic forms of them, which they in fact become, with- 
out further reduction, by the substitutions 1 and x L respec- 
tively ; and we may find it advantageous to substitute for the double circular- 
hyperbolic theory, with its double series of formule, the unique modo-cyclic 
“ theory and its inclusive table of properties, deriving the former from the latter 
by the above-mentioned rule of derivation.t Fer example, it is simpler to 
remember this rule and write 
cos’,w — sin’, =: 1, 
sin,(7 + wu’) = sin,’ cosy” COS," 
cos,(w + uw’) = cos,” sin,” sin,’ ,, 
* Uniplanar Algebra, p. 101. 
+ Uniplanar Algebra, pp. 102-106, 
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than to write out the six corresponding cireular and hyperbolic formule, re- 
membering the variations in algebraic sign for this purpose. The following 
are the relations, obvious corollaries from the definitions, that connect the 
various functions with each other : 


sin, == zxsinh cos, = cosh, 
x x 
== sinh, cos, = cosh wr, 
sin, sin . COs,77 = COS’. 


The derivatives of sin, and cos, are 


/ COSI? 


COS, x “SID,” 
’ « 

dir duc 


So much is sufficient to properly characterize these modo-cyclic functions 
and to indicate their place in the list of the ordinary transcendental functions. 
The more important question of how they behave when made the vehicles of 
higher analytical processes finds its answer in part in the following brief in- 
vestigation, which deals primarily with the definitions of the elliptic functions. 


2. RATIONALIZATION OF a + + 

As preliminary to the more general discussion, the rationalization of the 

simpler differential expression 4 by means of the sin,- 
function, is suggestive. 


Let 


and suppose this reduced to the form 


by the substitution 


For this purpose it is sufficient to make 4 = 4/c, whence, by a comparison 
of coefticients, 


x - — Cr /*) 


in Which y is still arbitrary, so that by properly choosing , may be made to 


assume any desired value. 


| 
‘ 
| 


STRINGHAM. ON THE JACOBIAN ELLIPTIC FUNCTIONS, 107 
The differential expression then becomes 


dz 
‘ 


and 


The final substitution may now be made in the form 


SID, | ¢ + 


in which 7 is eventually to be chosen either 0, or 1. The rationalization 
takes place by virtue of the relation 


] zx ir 
and since 
dz COS, Cc de 
») 
and 
| se /- 
we have, at once, 
di d¢ 
SID, 


In the ordinary case, when the variables and coefficients are all real, there 
are four alternatives to be considered, and in each the value of # is to be so 


chosen, if possible, as to make the result real. 


(i). If and ac are both positive, take 0) and such that 1 
then 
= sinh 
(ii). If « and a — / are both negative, take 7 = O and # such that z= /: 
then 
] cr /, 
J | ] “ae 


(ii). Ife > and — 0, take = Land » such that 1; then, 


since sin, | + = , 
cosh 
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(iv). Tf « O and we /? 0, take such that z= 1; then 


This involves, as it should, an imaginary term, whether + == 0, or 1. 


3. Repucrion or Voero Norman Form : 
Ahy Adi eu, 


For the reduction of the elliptic differential (/7/; Vo to a normal form I 
employ Cayley’s linear transformation-theory, first published in the Cambridge 
“ud Dublin Mathematical Journal, Vol. 1 (1846), pp. 70-73, reprinted in 
Cayley’s Collected Mathematical Papers, Vol. 1, pp. 224-227, and also in 
abridged form in his L///ptie Functions, pp. 317-320. Though the first part 
of the transformation here presented is identical with Cayley’s, for complete- 
ness’ sake so much of the latter is reproduced as is necessary to preserve con- 
tinuity in the discussion. 

Let (v, y)' denote a quartic in, y, of the form 

and let this be transformed into 


4 


by the linear substitution 


The differential expressions 

wily ady yar 

are hereby transformed into 


wily = | Ay fits ds) 


If be now replaced by 
and if 


é 
| 
== Aft, , 
2 
* 
~ 
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the differential equation becomes 
div div 
y Vv’ 


and the substitution for this transformation is 


Since (”, y')' has been derived from (7, y)' by the linear transformation 
between the invariants 


(te i 3.7 


ee Dhed ad ch 


and the corresponding invariants of there exist the well-known 


relations 
= 92/98 - 
This much is identical with Cayley’s original transformation. In the im- 
| mediate sequel Cayley’s method is continued in the reduction of |’ to the 
form 
F + (1s ge’), 
instead of the form «(1 + pr*) (1 4 qv), and in the determination of the 


modulus belonging to it. 
The reduced form of the differential we seek is one in which J’ is of the 
third degree, and we assume it to be 


Comparing the coefticients of this form with those of 


we find that 


whence 
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110 STRINGHAM. ON THE JACOBIAN ELLIPTIC FUNCTIONS. 
and 


+ py — 2p? — 29’). 


Hence the equation connecting p and ¢ is 


( ( 5 PY 2p" 2¢° Ye 
4.27 — pay 


involving, other than » and g, only the absolute invariant 4,°/,' and numerical 
coefticients. 

This equation will be somewhat simplified by subtracting its two members 
from unity, becoming thereby 


2p" 24°)? 


an equation which, for the purpose of further simplification, may be expressed 


wholly in terms of y and py, thus: 


where 
— 
orf ¢ and py = this may be written 


Ys 4 t+ 
When the numerator of this fraction is expanded, all the terms except the three 
that involve ¢7¢? mutually cancel one another and the result is 
J 27 27 — 
This is a reciprocal equation of the sixth degree and has three roots of 
the form 7/y and three of the reciprocal form p/y. In order to its further 
simplification let 


4 1 = 1 g/p 1 
substitutions that lead at once to a cubic equation in 4 from whose roots the 


values of 7/p are easily obtained. In fact, the sextic equation in p, y now is 


(po + — poy — (p— =, 


| 
: 
2)2 
Ay 
4 J 
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and 


1)=—0O. 


This is Cayley’s cubie. (See LViptic Functions, p- 319.) 
The values of /» in terms of 4 are found to be 


] 
= ] 1 (4 


and the two values contained in this formula are reciprocal to each other, a 
statement easily verified by showing that their product is unity. 
For the determination of #/, 4’, which is a factor in the differential ex- 


pression in terms of and vy, we have the equation 


from which we derive 
whence 


or, since 

dv py i div’ 


The further substitutions 
qe < ‘ x 


lead to the following final normal form of the elliptic differential of the first 


kind : 
vv 124, | 2(2+1)(x*2 4 1)’ 


J 


whose modulus z is determined by the equations 
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It is easily shown that the six values of y p, or #, obtained as the solu- 
tion of the above sextic equation, are the six anharmonic ratios formed with 
the differences of the roots of the original quartic equation Vy = 0. 


4. Tue Co-EFFICIENTS OF TRANSFORMATION. 
In terms of + the new variable z is 
and for the determination of g we have the equations 


— ( 
12, | ‘| 129, 
(A, ) A), 
2 
where 


while 4’, as determined from the linear transformation of (.”, into by 


comparing coefficients, is 


From these equations the value of gv is obtained in the form 


thy 12y, 
( 

x(n — a (129, 


in Which 


Hence, the final form of 2 in terms of + and known constants is 


l2y, 4 


4} 


Zand # being the two roots of the quartic equation |” = 0, corresponding to 


the roots 0 and w, of V’ = 0. regarded as a quartie in +’, : 


verified by observing that, in the formula of transformation 


» — “2 1 


the values of + corresponding to +’ = 0, + =o are respectively 
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Since — 1 p and 1 + are the two finite roots of |’ 0, the other two 
roots of V are 


Ayp — 


yp — 1 
i 
dd l 
where 
A)" 
dp 
x(t 124, q 
5. DEFINITION OF THE s-FuNcTION. LR 
Let the functional relation between 2 and +7 be defined by the differential ee 
equation 
dz 2 ° ee 
2 (2 1) (x 1), 
and let sv be regarded as a solution of this equation, so that by definition 
si, 
= 877 (820 - l ix” - 8720 — 1) 
J 


Then the differential equation 


de (0x72) 4 


l2y, 2(2¢+ 1) (x *2 1) 

assumes the simpler form “3 
/ | Wz 

| J 124, 

and the rational relation between sv and ¢ is | 
x(u AY 4 / 
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4 
7 
f 


py 


114 STRINGHAM. ON THE JACOBIAN ELLIPTIC FUNCTIONS. 


6. DEFINITIONS OF THE FUNCTIONS sn,, dn,. 


by the substitution v” the differential equation 


dz 
duc 1) (x I) 
becomes 


dz)? 
(a? + 1) (x* 2? + 1): 


wnd, by virtue of the previous linear transformation, 


We may now define outright 


or we may proceed as follows. Let == sin,g ; then 


dav cos,c¢¢ 


a+] sin,¢ +1, 
x 2 ~sin’¢ 1 = cos,’¢ , 
and therefore 
de 
(a" 1) (x? 1) } sin¢ 
If how 
df 
—idu, 
l 


¢ is the amplitude of ~ with respect to the modulus x; symbolically 
¢ am, . 


With respect to the same modulus, let us also define 


¢ sD,” , 
== 
+ 1 = ; 
it then follows that 
snow 


at 
. . . 
or, 20, 
| 
, 
: 
7 
i | 
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The differentials of these functions obviously are . 
dam, = du, 
~ 
= x di, 4 
7. TRANSITION TO CycLo- AND Forms. 
Since sin,g = sin (¢//z) , & 
and de (¢/iz) & 
sine ¢ l 1 x (¢ 
Cc 
am, / am. . 
is 
/xsin msn. , 
“Zz 
ci.) = 0668. = 
an, 1 sin? (¢/¢x) = dn, - . 
Similarly, since zsinh(¢/x), 
and de d(¢/xz) 
} sing¢ z sinh’ (¢/x) l 
Hence, if the hyperbolic forms, corresponding to am, sm, en, dn, be denoted s 
by hm, hs, he, hd, respectively, we may define ‘ 
hm, 
| 
that is 
am,“ ; 
zx sinh ? zhs , 
x 
/ re 
en,” = cosh ’ be -. & 
and — wea 
dn,” == # sinh*(¢/z) 4 
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Hence also, writing for the moment /” u/x, 
hm 
him amie, 
he w ene, 
hd 


I have given a detailed account of these hyperbolic forms in a paper on 
Hyperbo-Elliptie Functions, which appeared in the Pub/ieations of the As- 
fronomecad ty or the Pacific, Vol. pp- 177 et se 


8. FurrHuer DEVELOPMENT OF THE THEORY. 


We may now pass ov to further details, and, puri puss with the sueces- 
sive steps of the theory as now kuown, produce the usual formule, modified in 
accordance with the fundamental principles here laid down. For example, we 
may show that 

1, dno =—1, 


that 
sn,(—- ) dn, — = ; 
that if 
day 
J (a* + 1) (272° +1) 
(a + 1) (x2 L) 
then 
sn,/zA iz. enyizh QO, dn 


sn,z(*h + A’) = A’)=—, A’) =0; 
P 4 


and that the addition equations for the functions s and sn, are 


si sr 
sv .se | 
sneer 
sn, (1 v) =< 
ete. ete. 
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TRANSFORMATION GROUPS. 
By Dr. J. M. Pace, Cobham, Va. 


We propose in the following article to give an entirely elementary intro- 
duction to the theory of Groups of Infinitesimal Transformations, as that 
theory has been developed in recent years by Prof. Sophus Lie. The theory 
to which we wish to introduce the reader is of great importance in Differential 
Equations (for the treatment of which this theory furnishes the only logical 
ground), and also in Modern Geometry, Modern Algebra, and parts of Dynamics 

Although the arrangement, and a few of the methods, of this article, are 
new, the matter is virtually all Lie’s. It has been collected from various seat 
tering articles in the “ Mathematische Annalen,” the “ Gottingen Nachrichten,” 
the “ Archiv for Mathematik og Naturindenskale ” of Christiana: and from 
the writer’s notes of lectures delivered by Lie in the winter of ISS7. Sine 
this article was planned, Lie has published the last of a series of masterly 
works on his theory, and it is the chief object of this elementary introduction 
to arouse the reader's interest in Lie’s most important discoveries. 

In the following we shall limit ourselves to two variables, unless expressly 
stated otherwise. Most of the developments, however, can be immediately 
extended to # variables. 

A transformation of the points of the plane is given by a system of equa- 
tions of the form 


where ¢ and ch are analytical functions of their arguments, in Weierstrass’s 
sense of the term. 

We suppose here that the coordinate axes remain unchanged ; but every 
point of general position, (.”, 7), is carried over to a new position, of which the 
coordinates are ¢ (, y) and 


If we solve (1) in the form 


we obtain a transformation which would evidently carry the point g (", ¥), 
back to its original position 7). The transformation (2) is thus 
said to be /averse to the transformation (1). 

The successive performance of (2) and (1) will evidently give us a trans- 
formation of the form 


> 4Y, 


ANNALS OF Matuematics, Vou. VIII, No. 4. 


Me 
as 
pi 
4 > 
; 
‘ 
A +. 
@ 
4 
@ 
4 
Bey 
; 
3 
«ffl 
i @ 
ne if 
4 
| 
Lx 
> 
} 
1 
> 
. 


118 PAGE. TRANSFORMATION GROUPS. 


which we call the (/entica/ transformation. This transformation, therefore, 
really leaves the position of the point (7, vy) unchanged. 

Suppose now that we have a family of #' transformations, given by the 
equations 


/ 
a), Y, Y, t) (0) 


‘continuous values. In general, 


where “is a parameter, which can assume x 
then, it will #07 be the case that the result of performing any two transforma- 
tions of the family (8) successively on the points of the plane will be equiva- 
lent to the result of performing a third transformation of the family (3) on 


those points. For instance, the equations 


represent a family of transformations, which do not possess the above pecul- 


iarity. For, if 


be a second transformation of the family, we find, when we perform the two 


successively on the point (7, 7), that this point assumes a position given by 


But the transformation given by the last equations does not belong to our 
original family 
If now 


be any given transformation of the family (5), and if 
/ 


be a second transformation of that family, then the transformation which re- 
sults from performing these two successively, evidently has the form 


/ 


If it happens, now, that the right hand members of these equations have the 


ceneral forms 


¢ , 


r / \) 
clr y,@), @), GQ; Y, A(4, , 


where 4 is a constant depending on « and «, alone, then we say that tHe family 


@ Transformations (3) Toru a CONTENUOUS Jroup. 


| 
| 
| r, = 4, 
J 
| 
| 
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>} 
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In words expressed, our condition is evidently that (Ae resu/f of per- 
Storming SUCCESST ly tire transformations of th tumily (3) on the points 
of the plane, be equivale nt to the result on pe a third trans- 
Tormation ot that tumily On those potnts. 

We shall add to the above, in the groups which we shall consider, the 
further condition that to every transformation with the parameter « of the 
family (3), we must be able to assign a certain transformation of the family, 
with the parameter g, such that the latter transformation shall be the carers 
of the former. Here « is a function of 7 alone. From this further condition 
also follows immediately that the family (3) must contain the ¢/en/icu/ trans- 
formation. 

Since our family (3) contains ove arbitrary parameter, we call it, under 
the above conditions, a grovp of one meuber or, symbolically, 


As an example of a @,, we may take the family of x | rotations of the 
plane around a fixed point, which we shall take as the origin of coordinates. 
The well-known equations to these rotatious are 

r rcos @ SID a, 


(4) 


where « is the angle through which we turn the radii vectores of the points of 
the plane. 

A second transformation of the family (4) is given by the equations 


Sin 7, COST, . 


By eliminating and we find 


COS ) ( Sin Z COS G, COS ZSID 
or 


Similarly, 


But the last two equations evidently represent a transformation of our 
family (4). Hence the two transformations with parameters ¢ and ¢,, performed 
successively upon the points of the plane, produce the same result as the per- 
formance of a single transformation of the same family with the parameter 


(a + 4,). Also the /veerse of a transformation with the parameter a is evi- 


dently the transformation with the parameter a. We further find the (den- 
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fied? transformation in our family by putting 0. Hence, according to our 


definition, the family (4) forms a group of one member, or a (;. 

If we have a family of transformations in the plane, the equations to 
which, of the form (3), contain ” independent continuous parameters ; and if 
the conditions are fulfilled, that the successive performance of any two trans- 
formations of the family is equivalent to the performance of a third trans- 
formation of the family, and that to every transformation of the family there 
isan transformation in the family.--we then say that ‘Ae family of 
' form Nuit CONTINUOUS group ofr members, OF A 

It is evident, for example, that the family of » * translations in the plane, 
of the form 
forma G,. For if, 


be a second translation of the family (5), then the successive performance of 


these two translations Is equivalent to the performance of 


Also, the translation with the parameter “, 1 is always the swrerse of the 
translation with the parameter 7,4. Hence the family of x * translations (5) 
form a 


Suppose, now, that we have a G, of the form 
2, OAL, Y, UF (2, Y, @) (6) 


Let us give the parameter « a fixed value ¢, and suppose that the correspond- 
ing transformation, (which we shall designate as (v), for brevity), carries the 
point of general position » over to the new position »,. Then, by hypothesis, 
the inverse transformation in our G, (6), to (¢), will carry the point py, back to 
yp. Let us suppose that the parameter of the latter transformation is ¢. A 
transformation, now, of which the parameter is of the form « + dv, where d 
is an infinitesimal quantity, will carry the point », not exactly back to », but 
to a position’, which is at an infinitesimal distance from py. If we perform 


(eo) ramel (¢ dv) successively, the result will be equivalent to the performance 
of a third transformation of our @,: one that will take the point p» directly to 
the position». But this must evidently be an transformation. 

Let us carry this out analytically. The first transformation is represented 

and the second by . 
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By eliminating 2,, ¥,, we find the transformation which carries » directly to p’. 
It has the form 


Develop in powers of dv, and we find 


/ 
Y =P Y, (2, ¥, €), = 


But, since the transformations (7) and (7) are /nrerse, we have the identities 
¢ 4Y; ‘ (a, Y, ‘ » 
y fi ¢), (2, ¥, 


and our above equations become 


4 / 


and these equations evidently represent an /iMastestimadl transformation, 
It is easy to see that the coefticierits of ¢, above, cannot vanish identi- 
cally ; for they may be written 
and 
and if these quantities were identically zero, that would necessitate the trans- 
formation (6) being free of any parameter, which is contrary to hypothesis. 
Since « depends upon « alone, the equations to the infinitesimal trans- 


formation may evidently be written 
xr - (2, 


and we see that every G, in the plane contains at least ove infinitesimal trans- 
formation. In these equations we suppose « to be a mere member; but de is 
an infinitesimal variable. 

If, now, 7 be a parameter, the general form of an infinitesimal transforma- 
tion in the plane will be 


2, = 4+- F(x, y) of 
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If we neglect, as usual, higher powers than the first of the infinitesimal 07, we 
may write the increments of « and y, under this infinitesimal transformation, 
in the form 

Ov y)ot, dy= (ry or. 


It is evident that this transformation assigns to every point (7, 7) a direction 


through which it is to be moved, given by 


4 (x,y), 


(x, ¥) 


OL 


and also it assigns to Cr, y) an infinitesimal distance 
through which it is to be moved. 

We can get a clear and fruitful idea of an infinitesimal transformation, if 
we neglect terms of the second and higher powers of 07, and suppose that all 
the points of the plane are put into motion, simultaneously, by performing on 
them the infinitesimal transformation an infinite number of times. In this 
Inanner, a point Gr, y) will assume a simply infinite number of continuous 
positions, whieh form a curve. The whole change of positions of the points 
of the plane, since it is repeated from moment to moment, may be called a 
stutionary wotiow ¢ and it may be compared with the ur of the molecules of 
compressible Haid. 

Let / represent the time, and let us measure it from a fixed point, say 
/ 0: and suppose that at that moment a certain molecule is at the position 
wr, y). Then, by means of the stationary motion, in the time / the molecule 
will be at a new position (r,, 7,). These new coordinates a, y are functions 
of and Tf increases by 07, then 7, and receive the increments 


‘ 


and we may find w,, 7, as fanctions of 7 by integrating 


On of , (7) 
with the condition that for 0, we have also 


The integration will give us equations of the form 
P ‘0, (x, y, €); (S) 


and our kinematic illustration easily shows that these equations represent a 


(r,. For, if our stationary motion, in the time /, carries the point (or mole- 
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cule) (7, y) to the position (2, y,); and in the time 7, carries (7, to 
it is evident that in the time / f, the point (v7, v) will be carried to the posi- 
tion (x, 7). Thus, our transformations (8) show the peculiarity of a @). 

Lie has proved, by rigid analysis, that every infinitesimal transformation 
of the plane belongs to one and only one @’,, the finite transformations of which 
can be obtained by integrating equations of the form (7). These finite trans- 
formations can always be arranged into pairs of “inverses.” Furthermore he 
has proved that every @, in the plane contains one and, virtually, only one 
infinitesimal transformation, where we consider two infinitesimal transforma- 
tions which differ only by a numerical factor as virtually the same. 

Similarly a G, may be shown to contain ¢ independent infinitesimal trans- 
formations. The finite transformations of a (7, (or the @, itself) is said to be 
generated by performing each of the + independent infinitesimal transforma- 
tions an infinite number of times. 

It is easy to see that we may practically get the infinitesimal transforma- 
tions of a G’, by assigning to the parameters values differing only by infinitesimal 
quantities from the values which give the identical transformation. As an 
example, we may put @ of in the G, of rotations, since ¢ ) vives the 


identical transformation ; and we see that the equations (4) become 
which is an infinitesimal rotation. 


Since our transformations are certain operations, which are independent 


of the coordinate axes, it is evident that if we have a set of equations which 


represent a (,, they will still represent a G, if we introduce new variables. ee 

A little consideration will show that the integration of the system (7) must 13] 

give results of the form ae 

(9) 

since, for / 0, we must have ., rand y. The equations (9) repre- , 
sent our @,; and if we introduce new variables by means of the substitution ey 

the equations to our G, take the form 3 
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jut the last equations evidently represent a group of translations. Hence, 
any in the plane, can. hy proper of rariables. be brought to the 
form of translation. 

We shall now derive a very useful symbol to represent an infinitesimal 
transformation. 


be the finite equations to a G,, we can evidently consider any function 7 (7, 4) 
as a function of w, vy, and 7; and for the value of / which gives the identical 
transformation, say for the value / we must have 7 4) (a, 
and when / varies, 7 (.7,, 4,) also varies. Thus we are led to ask for the incre- 
nent of which this function receives, when a, and UP receive their respective 


Increments 


Or Y,) 0 at 0 
\\ © have 

cw 

( on, ) 


This is the increment of 7(r,, 7) wider the infinitesimal transformation of our 


lf. now. 7 


or (2. ot (a, 7)? 


Ot 
It is obvious that if we know what increment a function 7# (0, 7) receives under 
the infinitesimal transformation of a G), we may consider the infinitesimal 
transformation, or the G), Avorn. Hence we are led, quite naturally, to intro- 


the S\ inbol 


to represent the infinitesimal transformation of a G@,. Thus, when we speak 


of the infinitesimal transformation, 


we mean the transformation which assigns to 7 and y, respectively, the incre- 
ments 
Ov = yot, dy wot. 


We shall represent our above symbol in a still shorter form by writing 


or 
ACS) 
cy 


| 
ff 
; 
3 
ct cy 5 
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We see, therefore, that NV (x) put r in place ont on th. abou ihe wtity 
and similarly for .V (vy). We tind immediately 
A(r) é, AV (y) 
so that 
: It is easy to see that if we introduce new variables «’, // into this symbol, we 
| find 
cf 
Vr) (2’) Xie) 
ou 
Let us show, at once, the convenience of our new svinbol, which we may 
write V7 If we develop 7(.7,, ¥,) by Maclaurin’s formula, we find 
Now 
dt ef, dr, of, Sy, 
Sut 
dr dy 
l Jl 
as usual; and, hence, 
But the last expression is nothing else than our symbol .V 07) written in’ the 
variables ,, y,. Let us call this Hence 
df. 
dt 
) Thus, any function 7, of .“, and y, gives, when differentiated with respect to /, 
rm A But Af is itself such a function. Henee 
(XS) 
df, at le 
Similarly, 
A, (A, CA S)), 
and the law of formation of our coefticients is now obvious. 
If we put = 0, then and y, are changed into and 7; becomes 
VP; (1,7) becomes VV 7); ete. Thus we arrive at the important ex- 
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pansion 
= 
(ay y) a gAl(Af)+.... (10) 


This holds, of course, in particular, for f=”, and 7 = Thus 


po @ 1g 
(11) 
| 


y 


and these are the finite equations of the G, of which 


Y) >, W) oy 
is the infinitesimal transformation. 
We see that (11) is only a new form of (9). In fact, (11) is the result of 


integrating the system (7) in an infinite series, with the condition that for 


4, y, = y. Since y, are analytical functions of a, ¥, and 
it is certain that the series (11) converge for values of ¢ near to ¢ 0. 


Suppose now we demand that the function 2 (7, y) shall be tieariant 
under all transformations of a given G,. That is, analytically, 


where the finite equations of our G, have the form 


ana 
= ¢ t c 
\ 7 s(t, Y) 
c 


is the infinitesimal transformation. Thus, by (10), we must have 


y) 4 V(1(2))4+...= y), 


or, as an obviously necessary and sufficient condition, 
A(2) -90. 


If this condition is fulfilled, 2(, 7) is said to be the /nvariant of the G,. 
Every point (7, 7) in the plane describes, when we perform on it the in- 

finitesimal transformation of the G, an infinite number of times, a continuous 

curve, Which we will call the /ocws of the point under the G,. The direction 


—~— 


=} 
4 
| 
j 
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in which the point (7, 7) is moved, is always given by 


oY 4) 
or 4) 


If now is the of the 2 must satisfy the partial differen- 


tial equation 


~ of oY 
ou ‘oy 


Hence the integral curves, 
y) const., 
will have, in each point, the tangential direction 


oO 4, (2, 
of 


That is to say, the invariant of a (, in the plane, being put equal to a con- 
stant, will represent the curves in the plane, which we call the /oc/ of the points 
of the plane under the G,, or simply the /ocs of the G,. It is evident that there 
are ©! of these /vc/, one through every point of general position in the plane. 


We see that any point, or points, in the plane for which 
(2, 9) = y) 8 


are absolutely invariant under the infinitesimal transformation 


—or cf 
4 7 


cd cy 


A family of curves in the plane is said to be invariant under it Fas when. 
under the transformations of the G,, every curve of the tumily ts transformed 
curve of th. The hued of a ure evidently ith invariant 
family ; and every curve of this family is separately invariant. 

If 

mir, coust. 
be any family of curves in the plane, which, as a family, are invariant under 
a (7, in the plane ; and if 

Y,) = const. 
represents, as it may, the family, after the finite transformations of the G, have 
been performed upon it; then, since the family is invariant, a condition of the 
form 

yy) = Bow (x, y)) 

must hold, by means of the finite transformations of the (,. Here 2 may be 


any function of 
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Developing the left hand of the above equation in the usual manner, we 


find as a necessary and sufficient condition that the family of curves 
mr, y) = const. 


shall be invariant under the G,, .V 7, is 


y) ) (a, y)). 


If a relation of this form holds, we say that the family of curves admits of the 
transformations of the (r, Af. 


As an example, we see that if 


(the G, of so-called ssa//itudinous transformations), then the family of con- 
centric circles 
a2” +- = const. 


is invariant. lor we find 


Thus the criterium holds. 

We may mention that one of the most important methods of classifying 
groups is into primilire and fmprimiticc, A group of transformations in the 
plane, which leaves a family of «& ' curves invariant, is said to be dmprimitive. 
If no family of «| curves is invariant, the group is primitive. 

It is evident that every G, in the plane is (wprimitire, since it always has 
a family of invariant 

For other methods of classification, we have to refer to Lie’s works. 

After discussing thus quite extensively the properties of the G, in the 
plane, we will say a few words about Lie’s fundamental theorems for groups of 
more than one parameter, or member. 

If and are two transformations of a we know that, by deti- 
nition, the transformation which is equivalent to the successive performance of 
and also belongs to the (,. 


Let us represent by .\\7 the infinitesimal transformation 
= (2, y) or 


W= Yt yor; 
and by A, 


> 


‘ 
OF 


- 


| 
Xf #: 
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Here we know that 0/ and dr are infinitesimals, of which the ratio 07: 
arbitrary. 

Dropping infinitesimals of an order higher than the first, we find 


y) ot + 74, (a, y) 


and this new transformation, which we shall call V7) must belong to our 
group. 
It is clear that, where 4 and »# are certain finite quantities, and dz an in- 
finitesimal, we may write 
or 


and hence 


From the last equations, we see that we may write 


Thus, we find that if a G,, contain V7 and .V,7, it must also contain 4... 7 
7, where the ratio 4: is arbitrary. 
Similarly, we may show that, universally, if a G, contain the / infinitesimal 
transformations A, 7, ..., it must contain every infinitesimal trans- 
formation of the general form, 


(A, constants) 


It is easy to see the propriety of calling the + infinitesimal transformations 


ndependent, When no relation of the form 
t 0 


ean be established, where the , are constants, not all of which are zero. In 
a there are always ¢ (ad/ependent infinitesimal transformations. In the 
finite equations to the G,, as we saw, there are always 7 fad/ependent pa- 
rameters. 

We shall now develop another method for finding new transformations 
belonging to a group, of which we know certain transformations. Let S and 
7’ represent any two finite transformations of a (, of the general forms 


(SN) z= g(r, = y); 


( 7’) u = gi(", ©) . 
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Suppose now that we perform the transformation 7° vpox the transformation 
S. That is, we must introduce new variables into S in place of 2’, y and 7, 
by means of 7. This change will be accomplished by means of equations of 
the form 

/ ¢, (7, y), (v7, Y), (12) 


By solving (12) we find equations of the form 
Hence, from the definition of S, 
= $5 O,(u, v), %,(u, v)} 
Substituting now in (15), we get, finally, 


‘9 


(14) 


If, as is convenient, we indicate the successive performance of the two 
transformations S and 7, by “SZ; and call the inverse transformation to 7°; 
[ "+ me easily see that the transformatiqu (14) is made of the three, 7’ ', 4, 
and 7. performed successively. That is, the transformation (14) may be written 
7. Since S, 7) and ' belong to our @,, of course ' NS 7'is alsoa 
transformation of the 

If, now, Sand / are two finite transformations of a and A and 
are the infinitesimal transformations of the G, which generate respectively S 
and 7, we wish to find the infinitesimal transformation, which generates the 
tinite transformation 7° 

Suppose that our transformations have the following general forms, re- 


spectively, 


| 
y) 1.97! (7) 
or 
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y (ry) 1.2 ) (7) 

cd cy 


Now .\7 is a transformation in the variables 2, y. Suppose that, by means 
of 7, we introduce into V7 the new variables 2’, 7; that is, we suppose, for 


the present, that 7’is a change of axes. Then we know that .1 7 assumes the 


form 
eT 
NV 4 (y') 
cv cy 


From the defining equations of the transformation 7) we see 


1.2 
\ (15) 
( 
A (y’) (y) t (7) pot? 


and we wish to express the right hand members of these equations in and y. 
Now ¢ (7, y) is, by means of 7) a function of a’, 7’. Hence, by an obvious 
reversing of the general formula (10), we see that we may write 


A (@) - y) = ¢ (2, ¥) — y)) + 


In the same way, we have 


and 


We are now ready to find the nght hand members of equations (15), in 
the new variables 2’, 7’; and hence our new transformation 


— 
AN (0) (y') 


cr cy 
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Let us now, for brevity, indicate, with Poisson, by the symbol, CY, )°), 
the operation 


VCP). 


We then easily see that the coefficient of + in the above transformation is 
exactly (VY, 2”), written in the variables 2’, 7/. A little consideration will also 
show that, if the expression (.V. )°) is itself combined with yz, just as AT 
and )7 are in the bracket expression (.V, )”), the resulting expression, of the 


form ((.V, 2°), 2°), will be the coefficient of 
As nothing depends upon the accented variables, we may drop the accents, 
and say that the infinitesimal transformation which generates 7’ 'S 7’ has, as 


far as the first three terms of the series, the general form 


But since Vf is a transformation of our G',, we see by subtraction that 


must belong, also, to our @,. Divide out by z, and then put 7 = 0, and 
Nee th 


hy long to qroup, af ido. 


Suppe se now that 


are the + independent infinitesimal transformations of our G,. Then every 
infinitesimal transformation of the @, is included in the general form 


(4, == const. ) 


By carrying out the substitutions, we find for our new transformation 
| 
(2) SYA (=) = 
1 
cd 
7 
(7) —2YX(7'/) + XV 4+.... 
oy 
; 
| 
7 | 
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But if our @, contain V7 and V7) we have just seen, above, that it must 
also contain @ //, for all th the jin 
lutions west hold it th. neral 


! 


the coustanuts. The equations (16) eXpress analytically the 
mental theorem of Lie’s works. 

It can be shown that, it nile pn ndent mations sat- 
ity the relations (16). they will then generate (or form) ar. “This detinition 
of a G@, can be shown to be identical with that given at the beginning of this 
article, where we made use of the f/fe equations of the G 

For any ‘Aree equations of the form and the celebrated 
Jacobian identity must hold good. Thus, we must have 

As Engel has remarked, we may verify this identity by merely performing the 
operations indicated. Thus 


i l i 


If we write out ((V,, 4°), .V,) and (CV. in full in a similar manner, 
we find that the terms of (17) will all cancel in pairs. 

We see, thus, that the «,,. in (16) are not arbitrary, but must fulfill certain 
conditions which flow from Jacobi's identity. These constants are called the 
setting of the G,, and one of the problems of Lie’s theory is fo Wad afl qi ps 
of a gieen setting. 

We may remark that Lie has found all groups in one and two variables ; 


vive 


and also the most interesting ones in three variables. We hope to 


of the more interesting and elementary of these results in a subsequent paper. 
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SOLUTIONS OF EXERCISES. 


355 


ReQguirep the locus of the point in the normal to a conic, which is equally 
distant from the focus and the foot of the normal. Geo. Re. Dean. | 


SOLUTION, 


Taking the origin at the centre of the ellipse we have for the equation of 
the normal 


y  bsing tan ¢ (27 — a cos¢) 
, 
or 
a 
y=, tang.r—(a b)sing. (1) 


The locus required is the locus of the intersection of this normal with the line, 


tang .(“ — ae), (2 


Which passes through the foeus. From (2) 


hy hy 


and sing 


tan ¢ > 
a(r ae) - a(x ae) 


Eliminating ¢ from (1) by means of these equations, we have, after reduction, 


(2 ae) ee | ae) + (1 (2x ae y 0 
a curve having (2. — we)? 0 for the equation of two coincident asymptotes. 
The curve cuts the axis of abscissie at the points 7 = $ ae (1 é), and the focus 
is a conjugate point. | ELS. Crawley.) 
GIVEN tang ==." + ¢y, wherein 
and 
x == m(cos 3 + 7 sin 


determine “ and + as real quantities in terms of 7, y, a, aud 3. 


| Stringham. | 
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SOLUTIONS. 


SOLUTION, 
Let 


‘ 
COS r COS {3 /) 


in which s is the tensor of the numerator and / of the denominator: whence 


x log, - (¢ 


in which / is an arbitrary integer ; 


l s 
.COB gh 2hz) m. sin 
in which 
wm? +- cos 3 + sin 3 
log - log, 
. ‘ . ‘ 
¢ = tan! = tan ‘ 
and, consequently, 
(4 COS “Sih 
¢ ru tan! 
If 
: 
1 +7 + Yur cos (4 4) ) 
ly =i — 
sin (6 — 
SIN ( 4) 


[-/. B. Shaw, Sr. 


358 
A HEMISPHERICAL bowl, external and internal radii /? and 7, has a sphere 
of the same material, radius 7, suspended from the edge of the rim. Deter- 
mine the inclination of the plane of the rim to the horizontal plane on which 
the bowl stands. [Artemas Martin, | 
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SOLUTION, 
The distance of the centre of gravity of the bow] from the centre of the 
rim is 
a 
where J/ is the volume of the bowl. 

Let 7 be the angle of inclination of the bowl to the horizon, and take 
moments about the point of support, the vertical through which passes through 
the centre of the rim, the line of action of the upward pressure being normal 
to the surface. 

We get tan « 

3 (Geo. Pe. Dean. 


EXERCISES. 


366 
Snow that for any parabola y m+ a2 4, the area included between 
the curve, any two ordinates, and the .-axis, is equal to the product of the 
ordinate midway between the bounding ordinates and the interval between 
them, plus one-twelfth the cube of this interval. CW. IT. Eehols. 
367 
ON the axis of 7 take any point .”,,, and equi-distant from it on either side 
select points and Draw verticals through and 4, also the circle on 
as diameter. With 7 and 4 as centers and radius equal to a side of the in- 
scribed square draw ares cutting the verticals at and /, and The 
straight lines and cut the cirele in points whose abscissie are and .7,, 
respectively, 
Show that if any cubic® of the form 
y=r+ ar + pete 
be deseribed passing through any two points .y, and ..v, on the verticals at 
wand + respectively, then the area included between the curve, the verticals 
at and 4, and the w-axis, is constant and equal to 
4 + (6—«). Behols.| 
368 
A HOMOGENEOUS ellipsoid of weight Wo and semi-axes 7, 4, ¢ has a weight 
/? suspended from a point on the surface whose coordinates, referred to the 
axial planes, are /, #7. Find the inclinations of the axial planes to the hori- 


zontal plane upon which the ellipsoid rests. (//. . Benedict.) 


* Of course the same applies to any curve of lower degree, as the parabola 


y=r+prt+y. 
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